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Abstract 
This research focuses on the study of the frequency response function (FRF) of viscoelastic pipelines. The transfer matrix of a 
uniform viscoelastic pipeline is derived using the generalized multi-element Kevin-Voigt (K-V) model. The analytical 
expressions of the characteristic impedance and propagation operator are presented. The frequency response diagrams (FRDs) of 
a viscoelastic pipeline, with or without unsteady friction, are obtained numerically and compared with the FRDs of an elastic 
pipeline, with or without unsteady friction. It is verified that the pipe wall viscoelasticity introduces not only frequency-
dependent shifting of the resonant frequencies but also frequency-dependent damping of the resonant peaks. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Scientific Committee of CCWI 2015. 
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1. Introduction 
The use of plastic pipelines, such as polyvinyl chloride (PVC) and high density polyethylene (HDPE) pipes, has 
been gradually increasing throughout the world for both portable water distribution and sewage transport. The 
understanding of the hydraulic behaviour of plastic pipelines under hydraulic transient (water hammer) events is 
important and necessary for better system design and safe operation. For plastic pipelines, one distinctive feature 
when compared with conventional metallic pipelines is the pipe wall viscoelasticity. 
Over the last 40 years, a number of studies have been conducted on how the wall viscoelasticity affect the 
hydraulic transient behaviour of a pipeline. However, most studies were focused on the transient response of a 
viscoelastic pipeline in the time domain [1-5]. It is known that pipe wall viscoelasticity introduces both extra 
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dissipation (damping) and dispersion (delay or phase shift) to the transient pressure response of a pipeline in the time 
domain [6].       
Frequency domain studies on the transient response of elastic pipelines are abundant and a number of frequency 
response function (FRF)-based pipeline fault detection techniques have been proposed for elastic pipelines [7-11]. In 
the contrast, studies on the FRF of viscoelastic pipeline are few and limited. Suo and Wylie [12] used complex-
valued and frequency-dependent wave speeds to describe the viscoelastic behaviour of a pipeline. It was found that 
the use of complex wave speeds introduced shifting in the resonant frequencies, and vibration components at higher 
frequencies decay faster. Duan et al. [13] derived the transfer matrix of a viscoelastic pipeline, with and without a 
leak, using a one-element Kevin-Voigt (K-V) model. It was concluded that the pipe wall viscoelasticity would shift 
the resonant frequencies but would not visibly modify the leak-induced sinusoidal pattern in the resonant peaks, 
which implies that the viscoelastic effects on the amplitude of resonant responses is either uniform or negligible. 
However, a later review paper by Lee et al. [14] stated that a viscoelastic pipe would have a frequency-dependent 
attenuation in the resonant response, though no mathematical justification was provided in that paper.       
This research aims to expend the knowledge of transient behaviour of viscoelastic pipelines in the frequency 
domain, in particular, to study the FRF of a viscoelastic pipeline. The generalized multi-element K-V model is used, 
which is more suitable to describe the viscoelastic phenomenon of polymer than the simplified one-element K-V 
model. The transfer matrix method [15] is used in the analysis and derivation. The transfer matrix of a viscoelastic 
pipeline is derived, in which the analytical expressions of the characteristic impedance and the propagation operator 
of a pipeline are described by the generalized multi-element K-V model. Numerical simulations are conducted to 
study the frequency response diagrams (FRDs) of a viscoelastic pipeline, with and without unsteady friction, in a 
reservoir-pipeline-oscillating valve configuration. The FRDs from a frictionless elastic pipeline and an elastic 
pipeline with unsteady friction are also simulated and compared. The results of this research verify that pipeline 
viscoelasticity can induce both non-uniform shifting in the resonant frequencies and significant frequency-dependent 
damping on the resonant peaks. 
2. Time-domain governing equations for viscoelastic pipelines 
This section reviews relevant time-domain water hammer equations for a viscoelastic pipeline. The momentum 
equation that describes one-dimensional (1-D) transient flow in pressurized pipelines is [15]  
1 0f
Q H h
gA t x
w w   w w   (1) 
where g  is gravitational acceleration, A  is the cross-sectional area of a pipeline,  Q  is the flow rate, H  is the 
piezometric head, t  is time, x  is distance along the pipeline, and fh  is the head loss per unit length due to friction. 
The head loss can be regarded as a summation of a steady-state component fsh  and an unsteady-state component 
fuh , and written as 
 f fs fuh h h    (2) 
The steady-state component is well defined for both laminar and turbulent flow [15]. The expression for the 
unsteady-state component is still a topic of research and several unsteady friction formulas are reported in the 
literature [16]. 
The continuity equation for 1-D transient flow in pressurized pipelines, when linear viscoelastic behavior of the 
pipe wall is considered, is given as [1-3] 
2 2 0
r
e
gA H Q A
a t x t
Hww w   w w w   (3) 
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where ea  is the elastic wave speed of fluid transient waves and rH  is the retarded strain. For a material with linear 
viscoelasticity, the strain response to a certain instantaneous stress can be written as  
( ) ( )e rt tH H H    (4) 
where H  is the total strain and eH  is the instantaneous elastic strain. For a viscoelastic pipeline, the total 
circumferential strain can be described by [3] 
> @ > @0 0 0 0 00
0
( ) ( ) ( )( ) ( ) ( )
2 2 ( )
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e e t
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where D  is the pipeline restraint factor, D  is the pipeline internal diameter, U  is the density of fluid, e  is pipe wall 
thickness, the subscript ‘0’ represent the initial condition, 0J  is the instantaneous elastic creep-compliance, and 
( )J t  is the creep-compliance function. The second term on in Eq. (5) corresponds to the retarded strain rH .  
The generalized Kevin-Voigt (K-V) model is a phenomenological model that has been commonly used to 
describe the mechanical behavior (creep-compliance function) of a viscoelastic solid [3]. The model, as illustrated in 
Figure 1, includes one elastic element and N  viscoelastic elements in series connection. The elastic element is 
represented by a single spring with a modulus of elasticity 0E , and a viscoelastic element consists of a dashpot with 
a viscosity kK  and a spring with a modulus of elasticity kE  in parallel connection.  
 
Figure 1. Generalized Kelvin-Voigt model for a viscoelastic solid 
Using the K-V model, the creep-compliance function is described by 
/
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1
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J t J J e W
 
  ¦   (6) 
where 0J  equals 01/ E and it is the creep-compliance of the first spring, kJ  equals 1/ kE  and it is the creep-
compliance of the spring of the k th K-V element, kW  equals /k kEK  and it is the retardation time of the dashpot of 
the k th K-V element. The retarded strain can be written as 
1
N
r rk
k
H H
 
 ¦   (7) 
where rkH  is the retarded strain in the k th K-V element. Applying the K-V model to viscoelastic pipes and 
neglecting the time variance in D , D  and e  in Eq. (5), the time derivative of each retarded strain can be written as 
[3] 
 01rk k rkCJ H Ht
H HW
w   ª º¬ ¼w   (8) 
where C  equals / (2 )D g eD U . 
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E1 E2 EN 
η1 η2 ηN 
229 Jinzhe Gonga et al. /  Procedia Engineering  119 ( 2015 )  226 – 234 
3. Frequency-domain governing equations for viscoelastic pipelines 
This section derives the transfer matrix for a viscoelastic pipeline, which is the linearized frequency domain 
equivalents of the corresponding 1-D momentum equation [Eq. (1)] and continuity equation [Eq. (3)].  Duan et al. 
[13] derived the transfer matrix for a viscoelastic pipeline using a one-element K-V model. This research 
generalized the derivation using multiple K-V elements. 
Using the concept of steady-oscillatory flow [15] and assuming that the head ( H ), flow ( Q ) and strain ( H )  can 
be represented by an oscillation on a mean state, Eqs. (1), (3) and (8) are rewritten as 
1 0q h Rq
gA t x
 
w w   w w   (9) 
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where q , h  and *rH  represent the oscillatory components of flow, head and retarded strain, R  is the resistance per 
unit length, *rkH  denotes the oscillatory retarded strain of the k th K-V element.  
R  can be described by a summation of the steady friction part sR  and the unsteady friction part usR , i.e. 
 s usR R R    (12) 
where 20 / ( )sR fQ gDA  for smooth-pipe turbulent flow and f  is the Darcy-Weisbach friction factor. The 
expression of usR  depends on the unsteady friction model selected. Vítkovský et al. [17] derived the expression of 
usR  based on the Zielke [18] unsteady friction model and the Vardy and Brown [19] weighting function for smooth-
pipe turbulent flow, and it is given as 
1/222 1
4us us
i i DR
gA C
Z Z
X
§ · ¨ ¸© ¹
  (13) 
where X  is kinematic viscosity of fluid, usC  is the shear decay coefficient and it is given by 7.41/usC N R   and  0.0510log 14.3 /N  R , in which R  is the Reynolds number. 
Applying Fourier transform  with respect to time to Eqs. (9) and (10) yields 
 1 0hi q Rq
gA x
Z w   w   (14) 
2 2 ( ) 0r
e
gA qi h Ai i
a x
Z ZH Zw   w   (15) 
where q  and h  are the flow and head oscillations in the frequency domain. 
Applying Fourier transform to Eq. (11) and implementing mathematical manipulation to the resulted equation 
yields 
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Substituting Eq. (16) into Eq. (7), and then substituting the result into Eq. (15), the equation is rewritten as 
2
1
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Z Z ZW 
w   w ¦   (17) 
The general solution for the deferential equations (14) and (17) can be derived as  
1 2sinh( ) cosh( )q c x c xP P    (18) 
> @1 2cosh( ) sinh( )h Z c x c xP P     (19) 
where 1c  and 2c  are constant coefficients to be determined from the boundary condition, P  is the propagation 
operator and Z is the characteristic impedance 
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For a section of uniform pipeline with length L , using the boundary condition at the upstream (i.e. 0x  ), the 
constant coefficients are determined as 1 (1/ )
nc Z h   and 2 nc q , where the superscript ‘n’ represents the 
upstream end of the section of pipe under consideration. The solution at the downstream end (i.e. x L ) of the 
section can be written as 
1 1cosh( ) sinh( )
sinh( ) cosh( )
n nq qL L
Z
h hZ L L
P P
P P
 ª º­ ½ ­ ½« » ® ¾ ® ¾« »¯ ¿ ¯ ¿¬ ¼
  (22) 
where the superscript ‘n+1’ represents the downstream end of the section of pipe. 
4. Frequency response function for a viscoelastic pipeline  
It is known that, in the time domain, pipe wall viscoelasticity introduces extra dissipation (damping) and 
dispersion (phase shift) for transient pressure waves [6]. This section studies how the viscoelasticity affects the 
frequency response of an intact viscoelastic pipeline using multi-element K-V model.  
The pipeline viscoelasticity is the focus of this study, so that friction is neglected hereafter. The value of the 
linearized resistance factor R  in Eqs. (20) and (21) is set to zero and the equations are simplified as 
e
i T
a
ZP    (23) 
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eaZ
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where 
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N
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Ca JT
g iZW   ¦   (25) 
which gives the viscoelastic effect in the model and it is frequency dependent. For elastic pipelines (without pipe 
wall viscoelasticity), the value of T  is always unity. 
4.1. Reservoir-pipeline-oscillating valve configuration 
For a uniform viscoelastic pipeline bounded by a constant-head reservoir and an oscillating in-line valve, the 
transfer matrix for the oscillating valve can be written as [8] 
1
0
0
0
0
1 0
2
1
n n
V
V
q q
H
Zh h
M
M
 ­ ½ª º­ ½ ­ ½ ° °  ' '® ¾ ® ¾ ® ¾« »¯ ¿ ¯ ¿¬ ¼ ° °¯ ¿
  (26) 
where 0VH'  is the steady-state head loss across the in-line valve, 0M  is the dimensionless valve opening at the 
steady state, M'  is the amplitude of the dimensionless valve opening oscillation,  0VZ  is the impedance of the in-
line valve at the steady state and it equals 0 02 /V VH Q , where 0VQ  is the steady-state discharge through the in-line 
valve. 
Using the transfer matrix method [15], and the transfer matrix of a pipeline [Eq. (22)], the complex head 
oscillation at the upstream side of the oscillating valve is 
 00 0
2 1
( / )coth 1
V
end
V
Hh
Z Z L
M
M P
ª º'  « »¬ ¼
  (27) 
where endh  is the head oscillation at the downstream end of the pipeline (upstream side of the oscillating valve). 
Note that Eq. (27) is a general expression of the head oscillation for either elastic or viscoelastic pipeline, with or 
without friction.  
For a frictionless viscoelastic pipeline, substituting Eqs. (23) and (24) into Eq. (27), simplifying the hyperbolic 
function using trigonometric functions, and normalizing endh  by dividing it by the active input term 0 02 /VH M M' , 
Eq. (27) becomes 
 0
1
( / )cot / 1
end
V e e
h
i Z gA T a T L aZ
     (28) 
where endh
   is the normalized head oscillation at the downstream end of the pipeline.  
5. Numerical simulations 
The numerical pipeline model is built based on the experimental system reported in Covas et al. [3, 6]. It is an 
HDPE pipeline with a length L  = 277 m, an internal diameter D  = 50.6 mm and a wall thickness e  = 6.3 mm. The 
pipeline is restraint throughout and the restraint factor is D  = 1.07. The head of the reservoir is set to be 45 m and 
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the steady-state flow rate is 0Q  = 0.3 L/s. The Darcy-Weisbach friction factor is f  = 0.02. The elastic wave speed 
in the pipeline is ea  = 395 m/s. The normalized amplitude of the dimensionless valve oscillation is set as  0/M M'  = 
0.05. The values for the viscoelastic coefficients used are from one of the calibrated sets of results in Covas et al. 
[3], and they are summarized in Table 1. 
Table 1. Viscoelastic coefficients used in the numerical simulations 
Retardation time kW  (s) Creep coefficients kJ  (Pa-1) 
0.05 1.048E-10 
0.5 1.029E-10 
1.5 1.134E-10 
5 8.083E-12 
 
The normalized frequency response diagram (FRD) for a frictionless viscoelastic pipeline is obtained from Eq. 
(28) and given in Figure 2 (VE, the solid line). The frequency response diagrams (FRDs) of the same viscoelastic 
pipeline with unsteady friction (VE + UF, the dashed line), a corresponding frictionless elastic pipeline (Elastic, the 
dotted line), and an elastic pipeline with unsteady friction (Elastic + UF, the dash-dot line) are obtained from Eq. 
(27) and given in Figure 2 for comparison. For clarity, the FRDs in Figure 2 only show the first four resonant peaks. 
 
 
Figure 2. Frequency response diagrams obtained from numerical simulations for a frictionless viscoelastic pipe (solid line), a viscoelastic pipe 
with unsteady friction (dashed line), a frictionless elastic pipe (dotted line) and an elastic pipe with unsteady friction (dash-dot line). 
The numerical FRDs given in in Figure 2 clearly show the differences in the frequency responses among the four 
scenarios considered. The normalized FRD of a frictionless elastic pipeline (the dotted line), as expected, has 
uniform amplitude of resonant responses and uniformly spaced resonant frequencies. When unsteady friction is 
considered in an elastic pipeline (the dash-dot line), frequency-dependent damping is observed on the resonant peaks 
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but the resonant frequencies do not change much, which are consistent with the analysis in some previous research 
[8, 9]. For a viscoelastic pipeline (the solid line), not only significant frequency-dependent damping on the resonant 
responses is observed but also significant non-uniform shifting in the resonant frequencies are experienced. When 
both viscoelasticity and unsteady friction are considered (the dashed line), not surprisingly, more significant 
damping and shifting are witnessed.  
6. Conclusions 
The frequency response function of a viscoelastic pipeline has been studied using multi-element Kevin-Voigt (K-
V) model. The transfer matrix of a viscoelastic pipeline has been derived. The analytical expressions of the 
characteristic impedance and propagation operator are presented, in which unsteady friction can also be 
incorporated.  
Numerical simulations have been conducted for a single pipeline in a reservoir-pipeline-oscillating valve 
configuration, and the simulations cover four scenarios: a frictionless viscoelastic pipeline, a viscoelastic pipeline 
with unsteady friction, a frictionless elastic pipeline and an elastic pipeline with unsteady friction. The frequency 
response diagrams (FRDs) for the four scenarios are presented (Figure 2) and compared. It has been verified that 
pipeline viscoelasticity can induce both significant frequency-dependent damping on the resonant responses and 
non-uniform shifting in the resonant frequencies.  
The findings of this research have expended the knowledge of the transient behavior of viscoelastic pipelines in 
the frequency domain. The transfer matrix of a viscoelastic pipeline as derived in this research enables further 
research on the frequency response of viscoelastic pipeline systems. 
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